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Abstract 

Path integral expressions for three canonical formalisms - Ostrograd- 
ski's one, constrained one and generalized one - of higher-derivative the- 
ories are given. For each fomalism we consider both nonsingular and 
singular cases. It is shown that three formalisms share the same path 
integral expressions. In paticular it is pointed out that the generalized 
canonical formalism is connected with the constrained one by a canonical 
t ransformat ion . 



1 Introduction 



Higher-derivative theories appear in various scenes of physics/^'^^. Higher- 
derivate terms occur as quantum corrections; nonlocal theories, e.g. string theo- 
ries, are essentially higher-derivative theories; Einstein gravity supplemented by 
curvature squared terms has attracted attention because of its renormalizability."^) 

A canonical formalism for higher-derivative theories was first developed by 
Ostrogradski about one and a half centuries ago.^^ He treated only nonsingu- 
lar cases, where the Hessian matrices of Lagrangians with respect to highest 
derivatives are nonsingular. For singular cases, Dirac's algorithm^^ for con- 
strained Hamiltonian systems was shown to be applicable. ^^'^^ Though being 
self-consistent, these formulations for nonsingular and singular cases look differ- 
ent from the conventional canonical formalism: highest derivatives are discrimi- 
nated from lower ones, only the highest ones enjoying Legendre transformations. 
If we regard the original higher-derivative systems as equivalent first-derivative 
systems with constraints and apply the Dirac's algolithm to the latter ones, 
we could give the foundation of the ordinary canonical formalism to the Os- 
trogradski's canonical one. This program, constrained canonical formulation of 
higher-derivative theories, has bee! n carried out in Refs. 6) and 8) for both 
nonsingular and singular cases. A generalization of the constrained canonical 
formalism has been discussed in Ref. 9). 

In all these approaches the sets of canonical equations provided by the re- 
spective formalisms have mainly been considered, and their equivalence to the 
set of Euler-Lagrange equations has been shown. To go to quantum theory, 
however, the equivalence of the sets of equations of motion is not enough. We 
have to confirm the equivalence of off-shell imformation. That is, comparing 
path integral expressions of the respective formalisms is essentially important. 
This is the subject of the present paper. We give path integral expressions for 
each formalism and show they are equivalent to one another. In paticular it 
is pointed out that the generalized canonical formalism is connected with the 
constrained canonical one by a canonical transformation. 

In §2, path integral expressions of the Ostrogradski's canonical formalism 
are given for both singular and nonsingular cases. In §3, path integral expres- 
sions of the constrained canonical formalism are given and it is shown that the 
constrained one is equivalent to the Ostrogradski's one. In §4, path integral 
expressions of the generalized canonical formalism are given. A further gener- 
alization of the formalism described in Ref. 9) is developed. It is shown by 
doing a canonical transformation that the generalized one is equivalent to the 
Ostrogradski's. Section 5 gives summary and descussion. 
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2 Ostrogradski's canonical formalism 

We consider a system described by a generic Lagrangian which contains up to 
ria-th derivative of Xa{t) {a — 1, ■ ■ ■ , N) 

where 

( ■) dcf d'^'Xa / 1 \ rn\ 

~dF^' yTa = l,---,na) (2) 

The canonical formahsm of Ostrogradski regards x^a''\sa — 1, • • ■ ,na — 1) as 
independent coordinates (/q"^^: 

4^"^ - (3) 
The momenta conjugate to is defind as usual by 

Pa - Q.n.- 15) 

The Hessian matrix of Lq is defined by 

dcf d'^Lq 

We say that the system is nonsingular if detAab ^ 0, while singular if detv4af, — 0. 
Nonsingular case (det^ah 7^ 0) 

In this case, the relation (|^) can be inverted to give as functions of 
g''(r = 1, • • • , ?i) and : 

e-e('7^p")■ (7) 

The Hamiltonian is defined by 

Ho "^faqi-^^^ - ('?^9"('7^p")) • («) 

It is seen that this construction of the Hamiltonian has several peculiarities 
from the view point of the ordinary Legendre transformation: 

1. What appears in Eq.(||) is just a function Lq{q^ , • • ■ , g", g") whose Euler 
derivatives do not produce any meaningful equations of motion. 

2. The momenta p" (s = 1, • • • , n — 1) are multiplied by q"^^ not by cf . 

3. The momenta p'*(s = 1, • • • , n — 1) are not defined from the Lagrangian 
through relations like but just introduced as independent canonical 
variables; only p"'s enjoy special treatment, defined by Eq.(||) as usual. 
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Time development of the system is described by the canonical equations of 
'Hp ■ ^ ago 

dp ' ^ dq 



motion: q = , p ~ — . That suggests the path integral is given by 



Zo = J Vql^Vpl^ exp* j dt[pl^ql^ - Ho{p\ q"-)]. (9) 

At this stage we do not enter into the problem whether or not this expression 
can be well-defined. Integrations with respect to Pa°(sQ = 1, • ■ • , rza — 1) offer 
a factor n"°=i ^(9a° ~ it^"^) ■ We can further integrate with respect (70°+^, 
obtaining 

Zo - 1 VqlVpl^ expz j dt[p:^^ql<^-^') - Ho{q\q'^'\p^)], (10) 



where 

Ho{q\q''^'\pn P^^q:- {q\q'^'\pn - [q\q'^'\r{q\q'^'\p'')) , (H) 

'^^ - dt^^ ■ ^^^^ 

Singular case(det Aab = 0, rankAab = N — p) 

In this case, the relation (|^) can not be inverted. We have p primary con- 
straints: 

0^(<Z^p")«O, (A = l,-..,p) (13) 

such that 

det{0A,0B}p ^0. (14) 
By using Lagrange multipliers Xa, we define the Hamiltonian as usual: 

i^s(g^p'■) = i^s(g^P'■) + ^aMq^'^p^, (15) 

where 

i^s(g^/) - iq(g^g")• (16) 

Since det{0A,0s}p 7^ 0, the primary constraints ([T^ ) are second-class ones. 
The consistency of the primary constraints (^) under their time developments 
determines all the Lagrange multipliers A^. The path integral is 

Zos = J Vq:^Vp:''detH<j>A,<l>B}pS{Mq\p"))expt J dt[pl- q^- ~ H^]. (17) 
Integrations with respect to p^" and g^"^^ give 

Zos- / PglPp^det^{0^,0B}p5(0A(g^p"))exp^ / dtK»gi("")-7?s(g\ g''^\p")], 



(18) 

where 

Mq\q'^'\pn "iq('?Sg'^^\g")- (19) 
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3 Constrained canonical formalism 



It has been seen that the Ostrogradski's formahsm gives special treatment to 
the highest derivatives q^" . To treat aU the derivatives equaUy, we introduce 
Lagrangian muhipriers /x^" and start with the foUowing Lagrangian: 



The conjugate momenta 



dcf 




= 0, 


dof 


dLu 






dqt 




dof 


dLu 








dq^- 



(21) 



dof dLu _ dL^ 
provide the foUowing primary constraints: 

« 0, (24) 

dof 

^ Pi- - A*^" « 0. (25) 
Nonsingular case(det^a6 7^ 0) 

In this case, the relation (^3|) can be inverted to give g^'" as functions of q^ 
and p": 

e = e('?^p")■ (26) 

By introducing Lagrange multipliers aI^'*''" and Xi^'*''", the Hamiltonian is de- 
fined by 

Hu{q'-,P1 = -Lu + Aii^^"<" + A(^)^"V:". (27) 

This can be rewritten as 

i^D(<z^P^) = i/D(g'',p'') + Aii)^"<" + Ai^)^"^':", (28) 



where 



Huiq^pl = pl-ql-+'+p:-q:--L^{q\r), (29) 
Ai^^- Ai^^-+;i-, (30) 

Ai^)- if Ai^)-+e-e+^ (31) 



The Poisson brackets between the primary constraints (24) and ( pSf ) are 

K%C}P - '5«b(5,„^,, (32) 
otherwise = 0. 
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Thus, these primary constraints are of the second class. The path integral is 

Zo = J Vql^Vpl^Vi,l^V^l''5{n^)5{r)e^V^ j dtK^ q^' + fi^-^ - Hu] . (33) 
Integrations with respect to tt^" and /i^" give 

zu = J vq:-vp:- exp* J dtipi^ira ~ (e - - ^qi- 

(34) 

We can further integrate with respect to p^" and Qa'^'^^, obtaining 

Zu = J VqlVpl^ expz j dt[p:-ql<^-'^^ ~ Hr>{q\q'^^\p-)], (35) 



where 

Hj,{q\q'^^\p'^)^p2'^q:^{q\q''^^\p-)-L^(^q\q'^^\r{q\q''^'\pn) • (36) 

This shows that the path integral is the same as Zq given by Eq.(p^. 
Singular case (det Aab = 0, rank^afc = N — p) 

In this case, the relation (|2^) provides p additional constraints besides ( ^^ 
and (^): 

</)A(g^p")«0(A = l,•••,p) (37) 

such that 

det{0A,0B}p ^0. (38) 
By using Lagrange multipliers A^, Ai^-**" and aI^-**", the Hamiltonian is defined 

by 

H^My) = Hj,{q\p^) + Aii)^»<» + A(2)^»v^^» + A^0^, (39) 

where 

i/D.(g'',p'') = p^e+i - iq(9^'z"). (40) 

The Poisson brackets between the primary constraints are 

{<%C}P = SabSs.s,, (41) 

{VaM^ = (42) 
dof 

{(t)A,4'B}p = CAB, (43) 

otherwise — 0. 

dcf 

All the constraints $q, = (tt^" , V'a° j 0a) form a set of second-class constraints 
because the determinant of the matrix ({$0, $/3}p) is non-zero: 

det{$„, $^}p = detcAis 7^ 0. (44) 
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The consistency of these constraints under their time developments fixes ah the 
Lagrange muhiphers. The path integral is 

(45) 

Integrations with respect to fJ-a'' ^ ^ P^'' and 9^°+^ give 

Zds = J VqlVp^^^deticABSiMexpi J dt[pl-ql^^^^ - H^,{q\q^('\p^)], 

(46) 

where 

i?D.(g\g^(^\p") - iq ■ (47) 

This shows that the path integral Zds is the same as Zqs given by ([l8|). 

4 Generalized canonical formalism 

In this section we consider a further generalization of the formalism described 
in Ref. 9). 

We regard a;i*°'' and independent coordinates q^""^^ ^.nd Va respec- 

tively: 



X 



(Sa) , „Sa + l 



("a) 



(48) 

Va. (49) 
L(a:,i,i,---,x(")) ^ iq(g\---,g",t;). (50) 

The other generahzed coordinates are introduced as arbitary functions of 

Q:^^Q:^{qi (51) 

shch that 

det^^^O. (52) 
oqa 

Eq. ( |5l|) can be inverted to give q^ as functions of Q^: 

e=e(Q'')- (53) 
Defferentiating Eq. ( ^ ) and (|5^) with respect to time gives 

Q'a - C^^l^- (55) 
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We introduce new variables defined by 



dcf , dq: 

— lb 

where we assume that Q"" 's satisfy 



nt, 



de.||,^0. (57) 



Eq. ( |56| ) can be inverted with respect to v as 



Functions Q^" are defined by 



■ (58) 



n«o 4£f , m^^^ (591 

We introduce Lagrange multipliers A'l^'^ and start from the following generalized 
Lagrangian: 

Lg{Q\ Q^ V, An L^{Q\ V) + M^(Q^ - Q^) + M^(g^ - F^), (60) 
where 

XQ(g^y)1l'Lq(q^«)l^gV)■ (61) 

Here it is interesting to consider a special case of the generalized Lagrangian. 
Choose 

^ g-, V = v. (62) 
Then the Lagrangian ( |60| ) reduces to 

Lg(g^g^^;,^'■) =iq(q^^;)+M^(e - <?:"+') +A^a°(e -^^a). (63) 



This Lagrangian is similar to the Lagrangian (|20D, except for term containing 
the variables v. The equivalence between the two Lagrangians is proved later. 
For the Lagrangian ( |60|) the conjugate momenta 

= 0, (64) 

= (65) 





dof 








dm- 




dof 




a 




dQTa 




dcf 


OLg 






dVa 



= (66) 
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provide the following primary constraints: 

(67) 

def 

— " (gg) 

(69) 

The consistency of the primary constraints under their time developments pro- 
duces a secondary constraint: 





- 0, 


a 


- 0, 




s 0. 



By introducing Lagrange multipliers Ai^'''", Ai^^'", Ai^' and Ai'^', the Hamilo- 
nian is given by 

= ffG(Q^ P^ V) + A(i)^"n^" + tS^^-w^- + A(3)e, + A^r^, (71) 

where 

/^G(Q^ p^ v) = + K - LQ(Q^ f). (72) 

The Poisson brackets between the constraints are 

{n^-.v^^-'lp = (73) 

= -1:^' 

{r,,r4p c„6, (76) 

otherwise = 0. 

def 

All the consraints Sa = (0a, ^ta", HJ^" , Fq) give for the determinant of the 
matrix ({S„,S/3}p) 



det{I]„, S^Ip = -det^ (77) 



Therefore we find that if 



then the system is nonsingular; on the other hand if 



then it is singular. 
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Nonsingular case 

In this case, the constraints (67) ~ ( [7^ ) are second-class ones. Thus the con- 
sistency of the constraints under their time developments fixes all the Lagrange 
multiplires. The path integral is 



dVadVb 

X expz JdtiP^^Ql^ + K^M:^ + OaVa - Hg]. (80) 
Integrations with respect to 11'', O, give 

Zg = y'pQ-PP:'■Wa<5(^(Q^P^y))det^^ 

X exp z 1 dt[P^^ {Ql- ~Ql-) + (Qa" - K) + iq] . (81) 
Singular case 

In this case, we have extra constraints in addition to ( p7| ) ~ (^0|): 

^)A(Q^p^l^) «o. (82) 

Then by introducing Lagrange multipliers Ai^^''" , Ai^^''" , Ai^^ , Ai"*) and A^^^ , the 
Hamiltonian is given by 

Hos - i/G(Q^P^^)+A«'■»^^"-HA(2KvI;-» 

+ A(3)e<,-HAWr^ + A^^)r!^. (83) 

The Poisson brackets between the constrains are 

{K^,%'}V - 5ab5r.r,, (84) 

{e.r.ip ^ (86) 

{r^Fbjp Cab. (87) 

{K\^Ah = (88) 

{Qa,^A}v = (89) 

{r!A,riB}p =' (91) 

otherwise — 0. 
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For all the constraints Sq'' li^ (Oa, ^q", IIJ^", Fa, ilyi), the determinant of the 



matrix eJ;'^}p) is 



det{I](,^\4^'}p =det 



dVa 



d^Lr 



dVadVb 



(92) 



If this determinant is nonzero, we assume this is the case, then all the constraints 
are of the second class and all the Fagrange multipliers are fixed. The path 
integral is 

Zgs = j VQ''VP''VM''VWVVVQ5{W)6{^'')5{T)5{Q)det^{£^^\T.f}p 
X expz j dtlPl'^Ql'^ + n',»M:° + QaVa - Ho]. (93) 
Integrations with respect to M^" , 11^" and Qa give 



Gs 



J vQ^vp-vvs{T,)sinA)deti{j:l:\j:'^^}p 

X expz / dt[P^^iQi^ ~ Q:-) + C"(g"" - Va)+LQ{Q,V)UM) 



Next, we consider the relations between the path integral expressions Zd 
3|) and (|i|) (or Zds (0) and Zq (|i|)). In fact, these are shown to be 
connected with each other through a canonical transformation. 

Consider a canonical transformation {q,p) {Q,P). The generating func- 
tion has the form 

F{Q,p)^p:^q:'^{Qn. (95) 



and gives 



OF 
dF 



Eqs. (M) and 



can be inverted to give 



(96) 
(97) 

(98) 
(99) 
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Nonsingular case 

We start with the Lagrangian Lg (|6^). The conjugate momenta 



dof dL„ 



0, (100) 



dof dL„ 

Pa = Tr±^f^a, (101) 



dcf dLg 



(102) 



OVa 

provide the following primary constraints: 

« 0, (103) 

dof 

Va ^ Pa" - MS" « 0, (104) 
Oa « 0. (105) 

We get the following secondary constraints: 

By introducing Lagrange multipliers Ai^^'^° , Ai^^'^° , aI^^ and A^i^', the Hamilto- 
nian is given by 

Hg = i^g(g^p'■) + Aii)'-"<» + A(^)'^"Va" + Ai^^^^a + A^Ta, (107) 

where 

i^g(q^p'■) - Lq(g,i^). (108) 

dof 

For all the constraints are a a = (Pa, V'a° ; ""o" j 7a)i determinant of the matrix 
({o-Q,o-/3}p) is 

det{a„,a;3}p = -det'^^4^. (109) 

OVaOVb 

If this determinant is nonzero, then all the Lagrange multipliers are determined. 
The path integral is 



dvadvb 

xexpij dt[pl-pl- + 7r^>;° + OaVa - Hg\. (110) 
Integrations with respect to fJ-'^,TT'' and 6 give 

Zg = J v,:^vf,v.Ji,a)aet^^ 

xexpz / di[p:»(e -^'a)+iq]. (m) 
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We can futhcr integrate with respect p^", (7^"^^ and Ua, obtaining 

Z, = J VqlVp-^ expz j - H,{q\q'(^\p-)l (112) 



where 



{q\q'^^\p-) pl-Va{q\q'^'\p'') - (q\q^^^\v{q\q^(^\p-)) . (113) 

Putting Va — qa" in this equation shows that the path integral Zg is the same 
as Zo given by (10) (and also Zu in (^5|)). 

Next, by doing the canonical transformation generated by F in (|95|), we show 
that the path integral Zg is equivalent to Zq given by (^). Referring to Eqs. 
361) ~ (p9|) and (58), the following relation is inserted into Zg in Eq. (|1 1 1|) : 



xdet 



5 Vb 



1(114) 



Then we have 



Z. 



Vq^-Vp'-VvVQ'-VP'-VVS {q'' - q^'iQ'')) 5 (p'- - p'■(Q^ P'-)) Siv^ viQ\ V)) 5{-f) 



xdet 



\ dqT 



det 



^^expz / dt[p:"(e -«a) + iq](115) 



Integrations with respect to q^,p^ and u give 



vQ:^vp:-vva 

xexpi I dt[Pl'-^^^Q 



dL_ 

dVa 



' dq2' 



det- — -^det 



dvadvb V 



l?''=<?''(Q) 

l«=l,(Q,\/) 



p:^^ql^+' {Q) - p;^ ^«.(Q^ + ^q] (ne) 



By using (p 



and the relations 



5 (7a(g'',p", I')) lq=9(Q),p=p(g,p),«=^(Q,y) = det y-Q^ j ^{^b), 



det 



dvadvb 



Z-\q=qiQ).v=v{Qy) = det^ 



99- 



det 



dVadVb' 



(117) 
(118) 



we get 



Z, = J VQ:^VP:^VVa5{r,)det^^^ 



xexpz / di[P^(g^" -Q:»)+P^(Q^» -K) + Lq]. (119) 
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This shows that 



(120) 



We have found that the generalized canonical formalism is equivalent to the Os- 
trogradski's one and these two formalisms are connected by a canonical trans- 
formation. 

Singular case 

First, we show the equivalence between the path integrals Z^s given by ( ^6| ) 
and Zgs constructed from the Lagrangian Lg in (|63|). In this case, we choose, 
without loss of generality, for extra constraints the following form: 



By introducing additional multipliers , the Hamiltonian is given by 

i/g. = i/g(<7^P^ + A(i)'-"<'- + X^^y-Va + Ai^^^^a + A^Ta + A^^^c^^. (122) 

All the constraints CTq^ = (^a, "^a") ""a"; 7aj ^a) give for the determinant of the 
matrix [ {ctq ' , a't'' }p 



— <zr^' ~ 0- (121) 



dVadVb dVa 
{la,lb}p {7a,t^s}l 



dvadvb 



(123) 



If this is nonzero, all the Lagrange multipliers are determined. The path integral 
is given by 

Vq:-Vp:-Vti:-Vn:'VvaV9J{7:nsmS{e)d{^)d{LUA)detHai^ 

XexpiJ dt[pl-ql- + <>^» + OaVa - i?gs]. (124) 

Integrations with respect to /xj^" , 7rJJ° and 9a give 

Vql-^Vpl^VvaS {ia{q\p'\ v)) 5 {LOA{q',p'^'\v)) det^{ai^), aj)}p 
xexpz / dt[p:"(e -e+')+^'a"(e -«a) + Lq(g,^0]■ (125) 



Here, we consider the matrix (^{aa \ <^^p'}p^ ■ We change this into a form which 
can be integrated with respect to Va- The assumption that the determinant of 
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this matrix is nonzero means 



duJB 
rank^^ — — p. 



In the matrix 



dvadvb dva 



d 

dVa 



{lb ) : 



we select 7^ = p + 1, • • ■ , N) which satisfy 

/ 5(7^, 



det 



dof 



^0, 



(126) 
(127) 

(128) 



to define as Eaiq^ , p"' , ^) = (7^,[x)^). The determinant of the matrix (123) 
reduces to _ 

det{ai^),aj^}p = det^ det{7A,7B}p. (129) 



Then the path integral (12S) is given by 



X expzl di[p:"(e - +p""(e - + ij. (iso) 

Integrations with respect to Va^Pa"^ and (j^"^^ give 

Zg, = J I?gipp^5(7^)det^7A,7B}pexpi J dt[pl^ ql^"^^^ - H^,], (131) 



where 



def 



(132) 



Putting 7/1 = (j)A, we have arrived at the same expression as Zds in (Eq). 

Next task is canonical transformation. Since the exponent in (M) is the 
same as in Eq. (]8l|), we insert Eq. (114) into the expression (125) and integrate 
with respect to ,p^ and v to obtain 



X det 



\q=q(Q),p=p(Q,P),v=v(Qy) 



X exp^ / dtb:«(Q:» - q:») + p^(Q^ - k) + ^q]. (133) 
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By using the relations 



'5(7a)|q=g(Q),p=p(Q,P),«=«(Q,y) = '5(ra)det ( -^^J \q=q{Q)-, (134) 

'5(t^A)|g=g(Q),p=p(Q,p),t,=t,(Q,y) = <^(f^A)det l^-^^^j \q=q(q), (135) 



det{ai^),aj)}p = det^ (^-^\^ det^ (^) detjEi^), ^^^jp, 



we obtain 



(136) 



X exp* 1 dt[p:» (q:- - or) + ^'^(o^ - k) + ^q]. (137) 

This shows 

^gs = -^Os = -^Ds = -^Gs- (138) 

The path integrals and Zqs are connected with each other by the canonical 
transformation generated by F in (95). 



5 Summary and Discussion 

In the present paper we have given path integral expressions for three canonical 
formalisms of higher-derivative theories. For each formalism we have considerd 
both nonsingular and singular cases. It has been shown that three formalisms 
share the same path integral expressions. In paticular it has been pointed out 
that the generalized canonical formalism is canonically transformated from the 
constrained canonical one. 

Here we have to mention some crucial properties involved in higher-derivative 
theories. The Hamiltonian is unbounded from below in general; unitarity is vi- 
olated in general; whether or not stable vacuum can be well defined is problem- 
atic. That means we should worry about how to define path integral. Leaving 
these problems to the future investigation, we have just assumed in this paper 
that stable lowest state can be defined, and the path integral can be written 
down as usual by the use of a time development operator, the Hamiltonian. 
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